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$(0, p)$ Galois $p$- J.-M.Fontaine









divided power ( PD.- )
Frobenius $\backslash$ Filtered Module
Filtered Module Galois
$K$ : $k$ $(0,p)$
$A:K$
$\pi$ : $K$ ( )
$e$ : $K$
$W=W(k)$ : $k$ Witt
$\overline{K}$ : $K$ $\overline{A}$ : $\overline{K}$
$G=Gal(\overline{K}/K)$ : $K$ Galois
$\underline{Rep}_{Z_{p}}(G)$ : $Z_{p}$ [




$i:W[t]arrow A$ ($t\mapsto\pi,$ $t$ )
Spec $A$ $\sigma$ $W[t]$ Frobeniusu
( $\sigma$ : $trightarrow t^{p},$ $W$ Frobenius ) $R_{n}$ $W_{n}$
PD.- $i_{n}$ PD.- $f(t)\in W[t]$
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$m$ n[m1 $m$ PD.-





$\sigma_{n}$ ( $m\leq 0$
$J_{\infty}^{[m]}=R_{\infty}$ ) $R_{\infty}$ $p$ $m\leq p-1$
$\sigma_{\infty}(J_{\infty}^{[m]})\subset p^{m}R_{\infty}$
$\varphi_{R_{\infty}}=p^{-m}\sigma_{\infty}$ : $J_{\infty}^{[m]}arrow R_{\infty}$ $(m\leq p-1)$
$\omega^{1}$ $t=0$ Spec $W[t]$
$\omega^{1}=W[t]dlog(t)$ $W[t]$ Frobenius $\sigma$
. $\sigma$-











1. ( $\underline{MF}_{big}^{\nabla}$ )
$\underline{MF}_{big}^{\nabla}$ $M=(M, (M^{k}, \varphi_{M}^{k})_{k\leq p-1}, \nabla_{M})$ $\wedge(1)-(5)$
(1) $M,$ $M^{h}$ $p$ R\infty -
(2) $(M^{k})$ $k\leq 0$ $M^{k}=M$
($) $j,$ $h$ $J_{\infty}^{[j]}M^{k}\subset M^{j+k}$
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2. $\underline{MF}_{big}^{\nabla}$ $W$- $Hom$ $Ext$
$\underline{MF}_{big}^{\nabla}$ $\underline{\mathfrak{M}S}_{big}^{\nabla}$
( )
$MF_{big}^{\nabla}$ $M$ $R_{\infty}$ - $\tilde{M}$
$\tilde{M}=(\bigoplus_{h\leq p-1}R_{\infty}\bigotimes_{\sigma_{\infty}}M^{k})/T$
$R_{\infty} \bigotimes_{\sigma_{\infty}}$ Frobenius $\sigma_{\infty}$ : $R_{\infty}arrow R_{\infty}$ $T$
(7) (4) $\oplus$ $R_{\infty}\otimes M^{k}$
$k\leq p-1$ $\sigma_{\infty}$
$R_{\infty}$-
(7) $(1 \otimes x)\oplus((-p)\otimes x)\in R_{\infty}\bigotimes_{\sigma_{\infty}}M^{k-1}\oplus R_{\infty}$ $\bigotimes_{\sigma_{\infty}}M^{h}$ $(ae\in M^{h})$
(4) $( \varphi_{R_{\infty}}^{j}(a)\otimes x)\oplus((-1)\otimes ax)\in R_{\infty}\bigotimes_{\sigma_{\infty}}M^{h}\oplus$ $R_{\infty} \bigotimes_{\sigma_{\infty}}M^{j+k}$






$\tilde{\varphi}_{M}$ : $\tilde{M}arrow M$
$M$ litobenius
$R_{\infty}$ - $\tilde{M}$ $W$- $\overline{\nabla}_{M}$ : $\tilde{M}arrow\omega^{1}\otimes\tilde{M}$
$W[t]$
$a \otimes x\in R_{\infty}\bigotimes_{\sigma_{\infty}}M^{k}$
$\mapsto(a(\frac{d\sigma_{\infty}}{p}\otimes id_{M^{k-1}})0\nabla_{M}(x))\oplus(da\otimes x)\in\omega^{1}\bigotimes_{\sigma_{\infty}}M^{h-1}\oplus\omega^{1}\bigotimes_{\sigma_{\infty}}M^{k}$




Frobenius $\tilde{\varphi}_{M}$ $W$- $\tilde{\nabla}_{M}$ $\underline{MF}_{big}^{\nabla}$
. 2 $\wedge 9XS_{-ig}^{\nabla}B>$ $R_{\infty}$-
3. (1)$-(3)$ $\underline{MF}_{bi.g}^{\nabla}$ . $M$ Filtered
Module $MF^{\nabla}$
(1) $M$ $R_{\infty}$ - $R_{\infty}/p^{n}R_{\infty}$ ( $n$ )
(2) Fxobenius $\tilde{\varphi}_{M}$ : $\tilde{M}arrow M$
(3) $n$ $x\in M^{k-1}$ $\varphi_{M}^{h-1}(p^{n}x)\in p^{n+1}M$
$p^{n}\in p^{n}M^{k}+p^{n}M^{k-1}$
4. (1) $\tilde{\nabla}_{M}$ $\underline{MF}^{\nabla}$ $M$ Spec $A$
crystal $[I\{1]$
.(2) $MF^{\nabla}$ $K$ $\pi$
5. $d$ $0\leq d\leq p-1$ Filtered Mod$\iota\iota$le $M$
$[0, d]$ $k$ $M^{k}= \sum_{j=0}^{d}J_{\infty}^{[k-j]}M^{j}$ $\gamma_{i^{j}}f_{1}$
$[$0) $d]$ Filtered Mod$u$le $\underline{MF}_{[0,d]}^{\nabla}$
6. $\underline{MF}_{big}^{\nabla}$ $M$
(1) $M$ $R_{\infty}/pR_{\infty}$ -
4
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(2) $R_{\infty}/pR_{\infty}$ - $\tilde{\varphi}_{M}$ : $\tilde{M}arrow M$
(3) $x\in M^{h-1}$ $\varphi_{M}^{h-1}(x)=0$ $x\in M^{h}$
$M$ Filtered $Mo$dule





$\varphi_{M^{\mathfrak{n}}}^{\alpha}(t^{\beta_{n}}e_{n})=\sum a_{mn}e_{m}$ $(a_{mn})$ $(a_{mn})$
: $M/M^{1}$ $A_{1}=R_{1}/J_{1}^{[1]}$-
$M/M^{1} \cong\bigoplus_{n=1}^{r_{1}}(A/\pi^{e-i_{\mathfrak{n}}}A)\overline{e}_{n}$ $i_{1}\leq\cdots\leq i_{1}$




$e_{n},$ $i_{n}=\alpha_{n}e-\beta_{n}(1\leq n\leq\varphi 0\leq\beta_{n}<e)$
(3) $\tilde{M}$ $t^{\beta_{1}}e_{1},$ $\cdots t^{\beta}’ e_{f}$ $\tilde{\varphi}_{M}$
I
7. $\underline{9\mathfrak{N}S}_{big}^{\nabla}$
$0arrow M^{l}arrow Marrow M’’arrow 0$
$M,$ $M’,M^{ll}$ Filter$ed$ Mod$ule$
Filtered Mod$ule$







$i:Zarrow\{0,1, \cdots , e(p-1)\}$ modulo $h$ $(narrow i.)$
$\alpha_{n}^{i},\beta_{n}$: $q_{n}^{:}$ ls Filtered Module $M=M(i)$
$i_{n}=\alpha_{n}^{i}e-\beta_{n}$: $(0\leq\beta_{n}^{i}<e)|$
$q_{n}^{i}=( \sum_{m=0}^{h-1}i_{m+n+1}p^{m})/(p^{h}-1)$ ;




9. $M=M(i),$ $M^{i}=M(i’)$ $\underline{MF}^{\nabla}$ $i,$ $i^{t}$
$p-1$
(1) $Hom_{\underline{MF}^{\nabla}}(M, M^{l})\neq 0$ $l$
$n$ $q_{n}^{i}-q_{n’+l}^{*}$
(2) $i$ $h$ $\nu$
10. $de<p-1$ $\underline{MF}_{[0,d]}^{\nabla}$ $M$ $M$
$M(i)$ ( $i$ $de$ )
$\sigma_{\infty}(t)M=t^{p}M\subset M^{d+1}$ 6
Filtered Module





$f$ :Spec $\overline{A}arrow SpecA$ crystal
$h_{*}O_{cry\ell}(O_{cy_{l}}$ Spec $\overline{A}_{n}$ crystalline site
topos ) Spec $A_{n}$ crystal
$[K2]_{\text{ }}$ crystal $f_{n_{t}}O_{c’ y\ell}$ $R_{n}- P.D.-$
$P_{n}$ $[K1]$ P.D.
crystauine cohomology Frobenius ‘
Galois $G$ $MF_{big}^{\nabla}$









11. [$0$ , $Filt$ ered Module $M$ $R_{\infty} \bigotimes_{Z_{p}}D(M)$





$h(h^{l})$ $i(i^{l})$ $\underline{MF}_{0,d]}^{\nabla}$ $M=M(i)$
$(M’=M(i^{l}))$
(1) 91 $\nu$ : $F_{p^{h}}arrow End_{\underline{MP}^{\nabla}}(M)$ $D(M)$ $F_{p}$b-
$\dim_{F_{p^{b}}}D(M)=1$
(2) $h$ $g\in G$
$g(\pi^{p^{-b}})=\chi_{h}(g)\pi^{p^{-l*}}$ $\backslash D(M)$ $G$






$Ext_{\underline{MF}^{\nabla}}^{1}(M,M’)arrow Ext_{\underline{R\epsilon p}(G)}^{1}(D(M^{l}), D(M))$
13. 12 J.-P.Serre [S]
$X$ $K$ $A$ good reduc tion
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